Abstract. It is shown that the isomorphism type of a metacyclic p-group is determined by its group algebra over the field F of p elements. This completes work of Bagiński. It is also shown that, if a p-group G has a cyclic commutator subgroup G , then the order of the largest cyclic subgroup containing G is determined by F G.
The isomorphism problem for modular group algebras asks whether a finite pgroup is determined up to isomorphism by its group algebra over a field of characteristic p. It has been most successfully answered for classes of p-groups which are recognisable from the information known to be contained in the group algebra and which admit a complete classification (e.g., abelian p-groups, groups of order p 4 ). A metacyclic group is one which is the extension of one cyclic group by another. Metacyclic p-groups have received a plethora of classifications (see [2, 4, 9, 7] and their bibliographies), with more in the offing: [8] . They comprise a class recognisable in the sense above; moreover, all the information needed to determine the individual groups is given by invariants known to be determined by a modular group algebra. The isomorphism problem thus has a positive answer in their case. The object of this note is the presentation of the details of the argument. Our work completes that of Bagiński [1] who proved the theorem for p ≥ 5. It also simplifies it by making use of different invariants and of a different classification, that of King [4] which seems the most amenable to the purpose.
Throughout, p will denote a fixed prime and F a field of characteristic p, often the field of p elements. G will be a finite p-group with F G its modular group algebra. The terms of its lower central series will be denoted by G n (its commutator subgroup will also be denoted by G ).
The invariants of G which we need are few: its order, the isomorphism types of its commutator factor group, of its centre and of its section G/Φ(G )G 3 , the number of conjugacy classes of maximal elementary abelian subgroups of each rank, the number of conjugacy classes consisting of p n -th powers for each n ≥ 0. All but the last were mentioned in my survey [10, §6] . Most, but not all, of these invariants are known to be determined by F G for any field F of characteristic p.
That the last is an invariant, is a result of Külshammer (see [5] ) who brought it to my attention, admonishing me for its omission from my survey. He has given another exposition in his survey [6] . Part of the result can also be found in [13] . An important consequence of the result is the fact that F G determines the exponent of G [5, Satz J] . This has also been shown by Shalev by a different technique [12] . The precise statement of the result is as follows. Beyl's thesis demonstrated the importance of cyclic subgroups of G which are of maximal order subject to containing the commutator subgroup G . This order is also an invariant obtainable from F G; an alternative proof of our main theorem may be given by using it and the classification in [2] . We prove this fact here as a further contribution to the isomorphism problem, one which may be relevant to showing that groups close to being metacyclic are also determined by their modular group algebras.
Definition 2. Let G be a finite p-group. If its commutator subgroup G is cyclic, let B(G)
= max{log p |N | : G ≤ N ≤ G, N cyclic}; if not, let B(G) = −∞.
Lemma 3. Let G be a finite p-group whose commutator subgroup is cyclic. If the normal subgroup L of G is properly contained in G , then B(G) = B(G/L) + B(L).
Proof. We will use the bar convention to denote images in the quotient group G = G/L. Suppose that N, G ≤ N ≤ G, is such that N is cyclic with log p |N | = B(G).
For the converse let M be a cyclic subgroup of G containing G . As M is cyclic, log p |M| ≤ B
(G). Thus log p |M | ≤ B(G) + B(L) from which it follows that B(G) ≤ B(G) + B(L).

Proposition 4. Let G be a finite p-group and F the field of p elements. Then the invariant B(G) is determined by F G.
Proof. Whether or not B(G) = −∞, i.e., whether or not G is cyclic, is determined by F G according to the argument following Lemma 6.26 of [10] . Assume then
. If the latter is G, then B(G) is also determined. If not, then B(G/Φ(G )) is determined. As |G | is determined [10, 6.12] , so are |Φ(G )| and B(Φ(G )) = log p |Φ(G )|. By the previous lemma
All the preliminaries being to hand, we may now state and prove our main theorem.
Theorem 5. Let G be a metacyclic p-group and F the field of p elements. Then the isomorphism type of G is determined by F G.
Proof. Whether or not G is metacyclic is determined by F G; this follows from a result of Shalev [12] , or from the facts that G is metacyclic if and only if G/Φ(G )G 3 is metacyclic [3, III.11.3] and that the latter group is determined by F G [11] .
By [4, Theorem 3.3] there is at most one metacyclic p-group G of given order, commutator factor group and centre unless, for some n ≥ 1, G/G ∼ = C 2 n × C 2 and ζ(G) ∼ = C 2 n−1 × C 2 . These are invariants of G which are determined by F G [10, 6.12, 6.7] .
It remains to distinguish the 2-groups which arise in the latter case. When n = 1 these are the 2-groups of maximal class [3, III.11.9]. They have been known to be distinguished by their modular group algebras for a long time [10, 6.34] . Another approach can be based on an invariant of Leonard Scott reported in [10, 6.28] . For these groups it amounts to the easy calculation of the number of conjugacy classes of elementary abelian subgroups of rank 2, as was done for the groups of order 64 in [13] .
When n > 1 there are precisely two groups of the same order which arise; for m ≥ 3 : They may be distinguished by Külshammer's invariants (as was done in [13] in the order 64 case). The numbers of conjugacy classes of squares differ. In both of these groups the subsets {b 4i a 2j , b 4i a −2j }, i, j arbitrary, and {b 2i }, i odd, are conjugacy classes. In the first case these are the only conjugacy classes of squares while in the second case there are additionally the central subsets {b 2i a 2 m−1 }, i odd.
